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Veloci ty distr ibution functions a r e  obtained f o r  the external  boundary of a boundary l aye r  and a lso  
for  the flow of a liquid along a p e r m e a b l e  surface;  in these  cases  the integrat ion of the init ial  pa r t i a l  dif- 
fe ren t ia l  equations that  desc r ibe  the motion of the liquid in a three--dimensional  boundary l ayer  in a l amin a r  
r e g i m e  can be  reduced to the  in tegra t ion of a sy s t em of ord inary  di f ferent ia l  equations. Resul ts  a r e  p r e s -  
ented for  the numer i ca l  solution of one of the ca se s  of a s e N - s i m i l a r  th ree -d imens iona l  l amina r  boundary 
layer ,  p e r f o r m e d  on a Minsk-22 computer .  

1. The  p rob l em  of de termining  the c h a r a c t e r i s t i c s  of the mot ion of an i ncompres s ib l e  liquid in a t h r e e -  
d imensional  l ami na r  boundary l aye r  on a cyl indr ica l  p e r m e a b l e  su r f ace  reduces  to the integrat ion of the 
system of partial differential equations 

Ou~ _ Ou~ Oua bU~ 4- OU1.4- 02ul ul - -  ~ u~ - -  + u8 ~ : UI U~ axl az~ ~ ~ - v az3~ 

Ou~ Ou~ ,gu~ : U10U~ + U.. OU~ ~ v O~u2 

Oua/Oxl + Ou~/Ox2 "4- Ous/Ox3 = 0 

for  the following boundary  conditions: 

u~=O, u2=o, u3=vo for  x3=O 
ul = g l  (xl,x~), u~ = U2 (x~,x2) for  xa = 

<1.1) 

(1.2) 
(1.3) 

(i .4) 

where  the x I and x 2 axes  of a Car t e s i an  coordinate  s y s t e m  a r e  posi t ioned on the  su r f ace  of the body, the x 3 
axis  is pe rpend icu la r  to it, v 0 is the flow veloc i ty  of the liquid through the  p e r m e a b l e  su r f ace  (vo> 0 fo r  blow- 
ing, v 0 < 0 for  suction). 

To find the s e l f - s i m i l a r  solutions of the s y s t e m  of equations (1.1)-(1.3) we conver t  to d imens ion less  
quantit ies,  introducing cha rac t e r i s t i c  sca les  of the length L and of the veloci ty  U0, de termining the Reynolds 
number  Re = UoL/v of the flow. 

We take the t ransvers .e  coordinate  in the  f o r m  

n = x3F~-~t(Lh (Xl)/~ (~)) (1.5) 

where  f l  (xl) and f2 (x2) a r e  d imens ion less  sca l e  fac tors ,  which allow us  to p e r f o r m  a s imi l a r i t y  t r a n s f o r m a -  
tion fo r  al l  the veloci ty  p rof i l es  in the boundary layer .  

These  f ac to r s  a r e  to be  de te rmined  along with the dis t r ibut ions of the components  Ul(xl, x 2) and U2(x l, 
x2), the ve loc i t ies  of the potent ia l  flow, which by analogy, will be  invest igated in the f o r m  

u1 (zl,x2) ---- v1 (xl) v2 (z2), u~ (x ,x . )  = w1 (x~) W~ (x~) (1.6) 

2. Using the boundary conditions (1.4), f r o m  Eq. (1.3) we obtain fo r  the veloci ty  component u3(x l, x 2, x 3) 
xa 

0 

K o m s o m o l ' s k - o n - A m u r .  T rans l a t ed  f r o m  Zhurnal  Prikladnoi  Mekhaniki i Tekb_nicheskoi Fiziki,  No. 
3, pp. 176-179, May-June,  1974. Original  a r t i c l e  submit ted June 11, 1973. 

I �9 19 75 Plenum Publishing Corporation, 227 West 17th Street, New York, N. Y. 10011. No part o f  this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means, electronic, mechanical, photocopying, microfilming, 
recording or otherwise, without written permission o f  the publisher. A copy o f  this article is available from the publisher for  $15.00. 

430 



C
~"

 
"~

 
~ 

~ 

~l
 -~

 
~ 

~ 
~ 

~ 
~ 

~ 
~

-~
 

L.-
4 

h~
 

CO
 

i-.
.i 



When s e l f - s i m i l a r  m o t i o n s  ex is t ,  the  v e l o c i t y  c o m p o n e n t s  u t (xt, X2, X3) ~nd u2(xl, x2, :,~) a r e  d e t e r m i n e d  
by 

ua = Vx (zD V~ (z~) FI~ ~n), % = W~ (z~) We (~) F ~  (n) (2.2) 

w h e r e  F~(0) and F267) a r e  unknown func t ions  of the  d i m e n s i o n l e s s  t r a n s v e r s e  c o o r d i n a t e  ~.  

A f t e r  t ak ing  into account  (1.5) and (2.2), w e  can  r e d u c e  Eq. (2.1) to t he  f o r m  

u~ = v0 + U0 {cl [nFx~ 01) - -  F~ 0l)] - -  axFt ('q) -~- gl [ 'qF~ (TI) - -  F ,  (r])] - -  k~F~ (q)} (2.3) 

Subs t i tu t ing  r e l a t i o n s  (2.2) and (2.3) into (1.1) and  (1.2), w e  a r r i v e  at a s y s t e m  of  equa t ions  f o r  d e t e r -  
m i n i n g  the  func t ions  F 1 (rl) and Fz0?) .  

FI,~,~ + a~ (t - -  F ~  + FIFI~I~I) + clFIFI~,I + b~ (t - -  F ~ F I ~  ) + (gt + k~) F~FI~ ~ + GFI~I, ~ ~ 0 

F 2 , ~  + kl (t - -  F ~  -[- Fo.F~,,~) 4- glF~F2~ q + b2 (1 - -  Ft~F2n) + (el + al) FIF~,~ + GF,z~ ~ = 0 (2.4) 

T 
= ~ 1~[~ V(V,, (t 1 

g L 

G 
Uo 

:L 
-6-o Uo V~ 

kl = [~[z2W1W~ ', bz = [I~[~VtV~ Wx___~' 
Wt 

(2.5) 

w h e r e  the  p r i m e  d e n o t e s  d i f f e r e n t i a t i o n  of the  func t ion  wi th  r e s p e c t  to t h e  v a r i a b l e  on which  th i s  func t ion  
depends .  

T h e  b o u n d a r y  cond i t ions  of the s y s t e m  of equa t ions  ob ta ined  a r e  w r i t t e n  in a g r e e m e n t  wi th  (1.4), (2.2), 
and (2.3). 

F ~ = 0 ,  F ~ = 0 ,  F I ~ = 0  f o r  ~ = 0  (2.6) 
FI~ = 1, F.zr ' ~ 1 fo r  ~ = or 

3. Solv ing  the  s y s t e m  of d i f f e r e n t i a l  equa t ions  (3.4) fo r  the unknowns f i ,  Vi,  and Wi, w e  can  d e t e r m i n e  
f o r  what  l aws  of  v a r i a t i o n  of v e l o c i t y  of the  e x t e r n a l  p o t e n t i a l  flow do the  s e l f - s i m i l a r  m o t i o n s  of the  l iquid  
in t he  b o u n d a r y  l a y e r  hold.  

T h e  d i s t r i b u t i o n s  ob ta ined  fo r  the  v e l o c i t i e s  V i and W i should,  as  was  noted in [1], s a t i s f y  the  equat ions  
of mo t ion  of a n o n v i s c o u s  l iquid ,  which f o r  t he  g iven  p r o b l e m  g i v e s  the  condi t ion  

2V1V{V~V( + V I V 2 t W 1 W 2  r - -  V I I V 2 W l t W ~  + Y a W  2 ( V~ t t W1  - -  V 2 W l  n) - -  2W1WI'W2W( = 0 (3.1) 

A l l  the  v e l o c i t y  d i s t r i b u t i o n  laws  fo r  an e x t e r n a l  f low and the  d i s t r i b u t i o n  l aws  f o r  the  v e l o c i t y  of s u e -  
t ion (blowing) s a t i s f y i n g  the  cond i t ions  (3.1) and (2.5) a r e  r e p r e s e n t e d  in  T a b l e  1. 

4. As an e x a m p l e  we c o n s i d e r  t he  p a r t i c u l a r  c a s e  of a t h r e e - d i m e n s i o n a l  b o u n d a r y  l a y e r  on a p e r -  
m e a b l e  s u r f a c e ,  f o r  which  the  fo l lowing  s e l f - s i m i l a r  so lu t ion  ho lds :  

V1 = cxx~, V~ = % W1 = a (1--ra)x~ n-x, W~ = "r 

.r ~ , ~ - " ) / ~ ,  1, = ~, E V - ~  = - c~, (''-~)/2 
Uo-- 

w h e r e  o~, Y, ~ ,  ~, and G a r e  c o n s t a n t s .  

T h e  c a s e  of an i m p e r m e a b l e  s u r f a c e  (v 0 = 0) was  c o n s i d e r e d  in [1]. 

A f t e r  d e t e r m i n i n g  the  c o e f f i c i e n t s  of Eqs .  
v a r i a b l e s  

09 = l/ 2m F1 
F "  ~ (m + t) 

~ I = V  2m 
~ (m + 1----------5 ~ 

(4.1) 

(2.4) b a s e d  on Eqs .  (2.5), a f t e r  m a k i n g  the  s u b s t i t u t i o n  of 

" ~  V 2m ~ (~), F~ (*1) = a~ (m + t) ~ (~) 

we ob ta in  the  s y s t e m  of equa t ions  

(4.2) 
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~ + ~ ' ~  2~ t F "~  ( ~ h -  ~ -  - % ~ )  + Q ~  = o 
2m 

Q =aVal(m+t) 
The s y s t e m  (4.2) was numer ica l ly  in tegrated on a Minsk-22 computer  fo r  the boundary conditions 

(Pl=0, ~ = 0 ,  %~=0,  %~=0  for  ~ = 0  (4.3) 
% ~ = ~ , % ~ = 1  for  ~ =  

The  resu l t s  of calculat ing the velocity dis tr ibut ion in the boundary l aye r  for  s eve ra l  p a r a m e t e r s  of 
the p rob lem a re  shown in F igs .  1-4. The value of the p a r a m e t e r  n was 1 fo r  the curves  of F igs .  1 and 2, 
and was 1/3 for  the curves  of Figs.  3 and 4. The curves  1, 2, 3, and 4 cor respond  to Q = o, 0.5, 1.0, and 2. 
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