SELF~-SIMILAR PROBLEMS OF THREE-DIMENSIONAL
BOUNDARY LAYER IN THE PRESENCE OF SUCTION
OR BLOWING

E. M. Lyubavin and Ya. S. Khodorkovskii UDC 532.526

Velocity distribution functions are obtained for the external boundary of a boundary layer and also
for the flow of a liquid along a permeable surface; in these cases the integration of the initial partial dif-
ferential equations that describe the motion of the liquid in a three-dimensional boundary layer in a laminar
regime can be reduced to the integration of a system of ordinary differential equations. Results are pres-
ented for the numerical solution of one of the cases of a self-similar three~dimensional laminar boundary
layer, performed on a Mingsk-22 computer.

1. The problem of determining the characteristics of the motion of an incompressible liquid in athree-
dimensional laminar boundary layer on a cylindrical permeable surface reduces to the integration of the
system of partial differential equations
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aul/azl + 3u2/61’z + Bus/dxs = 0 (1 ,3)
for the following boundary conditions:
uy =0, u=0, u=us for z;=0 1.4)
U = Uy (21,%,), Uy = Uy (1,7) for z3=oc

where the x; and x, axes of a Cartesian coordinate system are positioned on the surface of the body, the x;
axis is perpendicular to it, v, is the flow velocity of the liquid through the permeable surface (vy>0 for blow-
ing, v <0 for suction).

To find the self-similar solutions of the system of equations (1.1)-{1.3) we convert to dimensionless
quantities, introducing characteristic scales of the length L and of the velocity Uy, determining the Reynolds
number Re=U,L/y of the flow.

We take the transverse coordinate in the form
0= 2,V Re/(Lf, (31) fy (2)) 1.5)

where f; (%)) and f, ;) are dimensionless scale factors, which allow us to perform a similarity transforma-
tion for all the velocity profiles in the boundary layer.

These factors are to be determined along with the distributions of the components U, (, Xp) and U, (x;,
%,), the velocities of the potential flow, which by analogy, will be investigated in the form

Uy (zr) = V3 (21) Vy (x5), Uy (24,20) = Wy (1) Wy (2) (1.6)

2. Using the boundary conditions (1.4), from Eq. (1.3) we obtain for the velocity component ugxy, X, X3)

uy = vo-—S (.‘?_ui-l-aﬂ) dzs 2.1)
0z1 = Oxp
0
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When self-similar motions exist, the velocity components uy (X4, Xy, X3) 2nd uy (X, Xy, Xy) are determined
by
u =V (1) Ve () Fy, () up = Wy () Wy (2) F,, () (2.2
where Fy f)) and F,(n) are unknown functions of the dimensionless transverse coordinate n-.
After taking into account (1.5) and (2.2), we can reduce Eq. (2.1) to the form

us= 7o+ {01 M7y, )~ Fr(m)] — a1F1 () + g1 (F,y, () — Fa ()] — koF2 (n)} 2.3)

V__
Substituting relations (2.2) and (2.3) into (1.1) and (1.2), we arrive at a system of equations for deter-
mining the functions Fy(n) and Fy(y).
Framt ol — Fi, + FiFy )+ i Fy b (0 — Fy P+ (6t k) Fofy, +GF =0

2.4
annn+k1(1—Fgﬂ+F‘3Fzm)+glpﬂp~znn+bl(1_‘Fszn)+("1+a‘)F1F2nn+GF~znn=0 ¢ )
ay= L ff2ViVe, a= 'i, A Vs, b= i fﬁf‘ﬂ Wsz
Uo Uo
gr1= —{;—0 fi3fafa' Wil s, ‘ by = % fRf2WIW, b= m fﬁfz?VlVg I;VT{ (2.5)

G = —% V Refsfa
where the prime denotes differentiation of the function with respect to the variable on which this function
depends.

The boundary conditions of the system of equations obtained are written in agreement with (1.4), (2.2),
and (2.3).

Fi=0,F,=0,F,=0 for w=0 (2.6)
Flo=1,F, =1 for n=oc

3. Solving the system of differential equations (3.4) for the unknowns f;, V;, and W, we can determine
for what laws of variation of velocity of the external potential flow do the self-similar motions of the liquid
in the boundary layer hold.

The distributions obtained for the velocities V; and W, should, as was noted in [1], satisfy the equations
of motion of a nonviscous liquid, which for the given problem gives the condition

2V VYVRVY + ViV W Wy — Vi VW Wy 4+ ViW, (Vy'Wy — VWi ") — 2W, WY/ W,Wy = 3.1)

‘All the velocity distribution laws for an external flow and the distribution laws for the velocity of suc-
tion (blowing) satisfying the conditions (3.1) and (2.5) are represented in Table 1.

4. As an example we consider the particular case of a three-dimensional boundary layer on a per-
meable surface, for which the following self-similar solution holds:

V, = oz, Vy=1y, Wy=a (1— —m)y ], Wy = vz,

lv (m-1)/2 @.1)
fri= Aafl-m/2, ° V Re = — Gzf

where ¢, ¥, A, ¢, and G are constants.
The case of an impermeable surface (vy=0) was considered in [1].
After determining the coefficients of Eqs. (2.4) based on Eqs. (2.5), after making the substitution of

variables

_ 2m _ ’
Fz(n)—]/ @ ® =) 2 +1)cpz(a)

=-l/ 2m -
K a;(m—|—1)E

we obtain the system of equations

Preee + Piage + 2L Gugy + 2 (1 — 03+ Qg = O @.2)
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2(1 —m)
13+m

. 2m
Q—GVal(m+1)

The system @#.2) was numerically integrated on a Minsk-22 computer for the boundary conditions

Pogzg + P1Popy —

(VP;E ~ Polozz — PyzPyz) + QPpze = 0,

=20, ¢ =0, Py = 0, q’ZE:O for E=0 (43)
Py = 1, q>25=1 for ¢t = o

The results of calculating the velocity distribution in the boundary layer for several parameters of

the problem are shown in Figs. 1-4. The value of the parameter n was 1 for the curves of Figs. 1 and 2,

and was 1/3 for the curves of Figs. 3 and 4. The curves 1, 2, 3, and 4 correspond to Q=0, 0.5, 1.0, and 2.
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